Introduction
In differential geometry, the theory of curves in Euclidean 3-space is one of the main study areas. In the theory of curves, helices, slant helices, and rectifying curves are the most fascinating curves. Associated curves of a given curve are also widely studied. Among these curves, the most studied ones are Bertrand curve couples, Mannheim partner curves, spherical indicatrices, and involute-evolute curve couples (e.g., see [2] [3] [4] [5] [6] 12, 13, 16, 17, 21] ).
The Darboux vector field ω = τ T + κB , which determines the instantaneous rotation axis of the Frenet frame along the curve, has an important place for space curves in differential geometry.
The curve whose position vector always lies in its rectifying plane is defined as a rectifying curve and some characterizations of rectifying curves were given by Chen in 2003. According to these characterizations he obtained that the position vector of rectifying curves are on the direction of the Darboux vector and thus rectifying curves are interpreted kinematically as the curves whose position vectors determine the instantaneous rotation axis at each point of the curve [6, 7] .
In 2008,İlarslan and Nešović defined the rectifying curve in E 4 as a curve whose position vector always lies in the orthogonal complement of its principal normal vector field and characterized such curves by means of their curvatures [14] .
Onder et al. defined B 2 -slant helices in E 4 as the curves whose second binormal vector (B 2 ) makes a constant angle with a fixed direction and specified the properties of these curves in 2008 [19] .
In a recent paper, Choi and Kim introduced principal (binormal)-direction curves, principal (binormal)-donor curves, and PD-rectifying curves. They gave nice characterizations for the general and slant helices via their associated curves and gave a useful method to obtain general helix and slant helix from a planar curve. They also gave a new characterization for Bertrand curves by using the PD-rectifying curve [8] . Later [15] .
In this study, we introduce some new associated curves of a given curve. We define
and principal-direction curves, B 1 -direction curves, B 2 -direction curves, and B 2 -rectifying curves in E 4 .
All these new associated curves are defined as the integral curves of vector fields taken from the Frenet frame or Darboux frame along a curve. Some characterizations of these new curves are also studied.
Preliminaries
Let M be an oriented surface and β : I ⊂ R → M be a regular curve with arc-length parametrization. If the Frenet frame along the curve is denoted by {T, N, B} , the Frenet formulas are given by
where T is unit tangent vector, N is principal normal vector, B is the binormal vector, and κ and τ are the curvature and the torsion of β , respectively.
Since the curve β lies on M , there exists another frame, which is called the Darboux frame and is denoted by {T, V, U} along the curve. In this frame, T is the unit tangent of the curve, U is the unit normal of the surface restricted to the curve, and V is the unit vector given by V = U × T . The derivative formula of the Darboux frame is [18] 
where κ g is the geodesic curvature, κ n is the normal curvature, and τ g is the geodesic torsion of β . The relations between geodesic curvature, normal curvature, geodesic torsion, and κ and τ are given as follows:
where φ is the angle between the vectors N and U .
In the differential geometry of surfaces, for a curve β lying on a surface M , the following are well known:
i) β is a geodesic curve if and only if κ g = 0 ,
ii) β is an asymptotic line if and only if κ n = 0 , iii) β is a principal line if and only if τ g = 0 .
Let α : I ⊂ R → E 4 be an arbitrary curve with arc-length parametrization. If {T, N, B 1 , B 2 } is the moving Frenet frame along α , then the Frenet formulas are given by [10] 
where T, N, B 1 , and B 2 denote the tangent, the principal normal, the first binormal, and the second binormal vector fields; k i , (i = 1, 2, 3) denotes the ith curvature functions (k 1 , k 2 > 0 ) of the curve α . 
defined by [11, 20] x ⊗ y ⊗ z = 
Definition 2 (Slant helix) A unit speed curve is called slant helix if its unit principal normal vector makes a
constant angle with a fixed direction [12] .
Theorem 3 Let γ be a unit speed curve with κ ̸ = 0 . Then γ is a slant helix if and only if
is a constant function [12] . For a Frenet curve γ : I ⊂ R → E 3 with the Frenet frame {T, N, B}, consider a vector field V given by
where u, v, w are functions on I satisfying u
on I is a unit speed curve in E 3 [8] .
Remark 1 The arc-length parameter s of an integral curve γ of V(s) is obtained as s = s + c for some constant c . Thus, without loss of generality, one can assume s = s . The integral curve γ is unique up to
translation of E 3 . In fact, γ is determined by the initial point [8] .
W -direction curves
In this section we introduce the W -direction curve, second W -direction curve, and W -rectifying curve in E 3 and give some characterizations. 
Remark 2 For planar curves, the W -direction curve corresponds to the binormal direction curve. Additionally, W -direction curves of planar curves are lines that are perpendicular to the plane that the curve lies on.

Theorem 4 Let γ be the W -direction curve of a nonplanar curve γ . Then γ is a general helix if and only if γ is a straight line.
Proof (⇒) Let γ be a general helix. Then
Differentiating gives γ ′′ (s) = 0, i.e. κ = 0. Thus, γ is a straight line.
(⇐) Let γ be a straight line. Then the velocity γ
Since κ ̸ = 0 and τ ̸ = 0, we obtain 
Proof We can use the same arc-length parameter s for γ and γ . By the definition of the W -direction curve,
and the curvature of γ is given by
If we assume τ κ ′ − τ ′ κ > 0, then the principal normal vector field N and the binormal vector field B of γ are obtained as
If τ κ ′ − τ ′ κ < 0, then they have another signature.
Theorem 6 Let γ be the W -direction curve of γ , which is not a general helix. Then γ is a general helix if and only if γ is a slant helix.
Proof (⇒) Let γ be a general helix. Then we have τ κ = c(constant). Using Theorem 5, we find
This means that γ is a slant helix.
(⇐) Let γ be a slant helix. In this case, from Thereom 3 we have
that is, Proof Using the definition of a W -rectifying curve, we can write
where λ(s) and µ(s) are nonzero functions and {T, N, B} is the Frenet frame along γ . By differentiating this equation we get
On the other hand, we also have W = γ ′ = T . So, from (3.3), we obtain
Using these equations we obtain λ ′ µ − λµ ′ = 0. This means that 2
since W (s) = (0, 0, 1) (Figure 1 ). 
Example 2 Let us find the W-direction curve of the slant helix
We obtain
Hence,
, and thus the W -direction curve (shown in Figure 2 ) is obtained as 
V -direction curves
In this section, we introduce an associated curve of a surface curve in E 3 .
Let M be an oriented surface in E 3 and γ be a regular curve lying on M . Let us denote the Darboux frame along γ with {T, V, U}, where T is the unit tangent vector field of γ, U is the unit normal vector field of the surface, which is restricted to the curve γ , and V = U × T.
Definition 9 ( V -direction curve) Let γ be a unit speed curve on an oriented surface M and {T, V, U} be the Darboux frame along γ . The curve γ lying on M is called the V -direction curve of γ if it is the integral curve of V . In other words, if γ is the V -direction curve of γ , then V(s) = γ ′ (s).
Remark 3 It is easy to see that the V -direction curve of the planar curves coincides with the principal direction curve.
Remark 4 a) If the surface M is given with its parametric equation X = X(u, v), then the curve γ(s) =
X(p(s), q(s)), which satisfies
is the V -direction curve of γ .
b)
If the surface M is given with the implicit form f (x, y, z) = 0, then the curve γ = (γ 1 , γ 2 , γ 3 ), which satisfies the equations
Theorem 8 Let γ be a unit speed curve on an oriented surface M and γ be its V -direction curve.
Then the geodesic curvature (κ g ), the normal curvature (κ n ), and the geodesic torsion (τ g ) of γ are given by
where θ is the angle between T and U in which T is the unit tangent vector field of γ and U is the unit normal vector field of M restricted to γ , and κ g , κ n , and τ g are the geodesic curvature, the normal curvature, and the geodesic torsion of γ, respectively.
Proof Let {T, V, U} denote the Darboux frame along γ . We can write V = γ ′ = T, since γ is the V -direction curve of γ . Thus, U is perpendicular to V . If θ denotes the angle between T and U , then
(−π < θ < π according to the orientation). Using these equations we get
2
Corollary 2 a) Let γ be a geodesic curve on M . Then:
γ is also a geodesic curve ⇔ γ is a principal line or θ = 
Corollary 3 Let γ be the V -direction curve of γ . The geodesic curvature, normal curvature, and geodesic torsion of γ can be given by means of the curvature and the torsion of γ as
where cos φ = ⟨N, U⟩ and N is the principal normal vector field of γ .
Theorem 9
Let M be an oriented surface in E 3 , γ be a unit speed curve on M , and γ be the V -direction curve of γ . The relations between the curvature (κ) and the torsion (τ ) of γ and the geodesic curvature, normal curvature, and geodesic torsion of γ are given by
Proof Let us denote the Darboux frame of γ with {T, V, U} . Since we can write V = γ ′ = T , we obtain
On the other hand, differentiating γ ′ = V yields
Using these equations we get τ = −κ n +
Example 3 Let us find the V -direction curve of γ(s)
which lies on the circular
Since X u (u, v) = (− sin u, cos u, 0) and X v (u, v) = (0, 0, 1), the unit normal vector field of the sur-
) .
Now let us look for the curve γ = X(p(s), q(s)) , which satisfies
If we solve these differential equations, we find
Thus, the V -direction curve (shown in Figure 3 ) of γ is obtained as
) . 
Example 4 Let us find the V -direction curve of
which is lying on the circular cone
Then the unit normal vector field of the surface is
Thus,
) . Figure 4 ) of γ as
Therefore, we obtain the V -direction curve (shown in
) . Figure 4 . V -direction curve of a curve that is on a cone.
Associated curves of a Frenet curve in 4-dimensional Euclidean space
In this section, we define new associated curves in E 4 .
Definition 10
Let γ be a Frenet curve and {T, N, B 1 , B 2 } be its Frenet frame in E 4 .
• 
. If we use Theorem 1, we find the principal normal vector field and the first and second binormal vector fields of γ as
Thus, using Theorem 2, the second and the third curvatures of γ are obtained from 
Theorem 12 Let γ be a Frenet curve whose curvatures are k 1 , k 2 , k 3 and let γ be its B 2 -direction curve. The curvatures of γ are given by Additionally, the principal normal vector field, the first-binormal vector field, and the second-binormal vector field of γ are obtained as 
Proof (⇒) Let γ be a B 2 -rectifying curve. By the definition, γ is the B 2 -direction curve of the curve γ . (⇐) Let γ be an arbitrary curve in E 4 whose curvatures satisfy (5.2). Let us consider the vector
By differentiating we get X ′ = 0. This means that X is a constant vector. Hence,
If we substitute B 2 = −T, N = −sgn(k 3 )B 1 , T = B 2 into the last equation, we obtain
i.e. γ is congruent to a B 2 -rectifying curve with a translation by the constant vector X . 2
